Many results from the theory of closed semibounded hermitian bilinear forms in a Hubert space can be extended so as to apply to forms which are not semibounded and indeed have no restriction placed on their numerical range. Some of these results are summarized in this note, while details can be found in [S]. Our main interest here is in questions which arise naturally when the forms are assumed to be hermitian but not necessarily semibounded. If our forms and operators are semibounded then each of these questions is known to have a positive answer (see [4, Chapter V]). We will show that in the general case the third question may have a negative answer, and that the second question can be answered in the affirmative when there is a gap in the essential spectrum of B. Complete answers to the first two questions are not known to the author.
Introduction.
Many results from the theory of closed semibounded hermitian bilinear forms in a Hubert space can be extended so as to apply to forms which are not semibounded and indeed have no restriction placed on their numerical range. Some of these results are summarized in this note, while details can be found in [S] . Our main interest here is in questions which arise naturally when the forms are assumed to be hermitian but not necessarily semibounded. If our forms and operators are semibounded then each of these questions is known to have a positive answer (see [4, Chapter V] ). We will show that in the general case the third question may have a negative answer, and that the second question can be answered in the affirmative when there is a gap in the essential spectrum of B. Complete answers to the first two questions are not known to the author.
We remark that one reason for wanting to know whether a closed form is of the type J A is that results from interpolation and spectral theory can then be used to obtain information about the form from our knowledge of the operator A, 2. Closed forms. If X and F are complex linear spaces then a function / from X X F to the complex numbers is called a bilinear form (or more properly a sesquilinear form) if it is linear in the first variable and conjugate linear in the second. In the case when X and F are Hubert spaces and the bilinear form J is bounded (meaning | J [u, v] 
It is shown in [5 ] that in the case when X = Y and J is semibounded (or regularly accretive) this definition coincides with the usual one (as found for example in [4] ). Other results in [5] PROPOSITION 
If A is a self adjoint operator in H with resolution of the identity {Ex} then the bilinear form J A with domain XXX is a closed hermitianform, where X= {u\ ƒ | X| d(E\u, u) < <x> } and J A [U, V] =P^d(ExU, v). Moreover A=A(j A ). We remark that if A 112 is a square root of A defined by the operational calculus for self adjoint operators, then X=D(A l i*) = D(AV**) and J A [u, v]^(A^u, AU*v).
By a hermitianform is meant a bilinear form J with domain XXX such that J [u, u] is real for all w£X. A hermitian form is said to be bounded from below if j [u, u] ^y\\u\\ 2 for some real y and all u£:X. It is known that every closed bilinear form which is bounded from below is of the type JA, but it is not known to the author if this is so for all closed hermitian forms. The following three lemmas are concerned with forms which are of this type. Lemma 2.3 is proved by noting that if / is a closed form with domain X X Y and associated We now prove that such a form / is necessarily of the type J A under the additional assumption of a "gap" in the essential spectrum of B.
. Let J be a closed hermitian extension of a denselydefined operator B (where D(J)=XXX and X has an appropriate Bilbert space structure). Then J is a minimal closed hermitian extension of B if and only if D(B) is dense in X.
To be more precise let &F(B) denote the Fredholm domain of 5 (i.e. the set of complex numbers X for which 5-X is a Fredholm operator: cf [4, p. 242]), and let R denote the reals. Then we have: Now let H + and H~ denote the closures in H of X + and X" respectively. These subspaces satisfy properties (i), (ii) and (iii) listed in Lemma 2.5. We conclude that J = JA-D 4. Uniqueness of minimal closed extensions. It is well known that if a symmetric densely-defined linear operator B is bounded from below, then there is a unique minimal closed semibounded bilinear form / which extends B. In fact J is the unique minimal closed hermitian form which extends B (for a minimal closed hermitian extension of B is necessarily semibounded). We show by examples that in the case of symmetric operators which are not semibounded, a uniqueness result of this kind sometimes occurs and sometimes does not. (To see this we note that S is a bijection with closed graph, and use the closed graph theorem.) By interpolation (cf. [3] ), 5 is also an isomorphism from X& to X a .
Since S(D(B)) =D(B), we deduce that D(B)
is dense in H a as was to be shown.
• EXAMPLE 4.2. To conclude, we exhibit a closed symmetric operator B which is not semibounded (nor selfadjoint), but which has a unique selfadjoint extension A with the property that JA is a minimal closed hermitian extension of B.
Let Ai be an unbounded negative selfadjoint operator in a Hubert space i?i, and let B 2 be an unbounded positive closed symmetric densely defined operator in a Hilbert space H 2 (which is not selfadjoint). Then the linear operator B = A\®B% in the Hilbert space H=Hi@H 2 can be shown to have the required properties. In fact the unique selfadjoint extension A for which J A is minimal is A = ^4i©^4 2 where A 2 denotes the Friedrichs extension of B 2 in H 2 .
REMARK. If a symmetric operator B has a unique selfadjoint extension A for which J A is a minimal closed extension of 5, it is natural to call A the Friedrichs extension of B. We have seen that symmetric operators which are not semibounded sometimes have Friedrichs extensions and sometimes do not. It would be of interest to know under what conditions a symmetric operator necessarily has a Friedrichs extension. In particular we could ask: Do elliptic partial differential operators (which are symmetric but not semibounded) necessarily have Friedrichs extensions?
